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The aroblcm of generatirvj ordor.,d trees was studied rather

cm~tensivelt' in .the recent literaturcs _I ,3,14:5,6,7].

,-% n aL'- crobllcm7, concernin3 th. generation of a set of

combinator'>L! obicctz, there ar,: three major aspects of the problem.

Afte:r deffinri a ccrta-in linear orderimg ov-er the: set o f

*'~~:tr.atrta 'bj-ctz that ac ar.' intere.;ted i;i wpe need to (A)

-11 *~r L r- f Er t] i- e r a t 1r,: th q nmbin r il ohi')

r:. cI ti ve no-; i tion i~n the l.inF.-ar ord-:rinej) of a g ivcn

cinater., and~ (iii) desiqn -an algorithim for gcneratincj

'_he co%-.craLci~~ .hei it3 rank .: gtiven. Thelre, in Mos*,t

cass,~........:Lani.eena~craioinamely, to choose a

-i i -o a i yv tc r-eresent the cow~binatorical obj;ects . (For :amnp Ie,

tre~es can be renresentefd 3a e e ;:nces of O's and l's, sequences

ofi~e~s and~ permuta tions of i.r'.eutrs). Therefore, we are

-ctua--. -onc-crn:;e] W;th tlie aererat ion, rankinc,, aPild un r.nking

o[ a c*n-:s- re-_resentation of t*he combinatorial objects.
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• Furthemore, a choO,2!1 represCntataion might possess a natural

linear ordering (for example, the lexicographical ordering

of sequences of integers) which might or might not be consistent

with the linear ordering over the combinatorial objects that

was defined earlier. In this paper, we study ranking and

unranking algorithms for k-ary trees when they are represented

by sequences of O's and l's and sequences of integers from

i to n where n is the number of internal nodes of a tree. ...

By a (reqular) k-ary tree, we mean an ordered tree in which

every internal nole as exactly) almost k sons. We define a linear

ordering of tie set of ,.-ary trees as follows

. ... ~ ' , s 7 ;nd T' , e .a% that

T < T' L (i) T is c:pvty (i.e. T ha3 only a single node) and T'

L no:- emoty, _" (i T) L , not empty, then for some 1 5 i S k,

r' r -j = ,2, . ..... i-i and T. T', where

, , , , ':" ....... . . -. u - te ;.utrees of T

r,. i.: " .: av:*:'.;n -~ Z '. o-u I  r .:-ae' ":,,- can b repre . ? ,' d

........ ., .. r n

". ~~~~ ~rq1- tic k -. "I -I'.h ), - h s: u n , n k O's

- r. .. 'i a .: i , re;r-a.n:!ation of the tree.

* .. i!... :p 3,':h :;e uence3 is atw.',/ ai 0, byi
. -:i ~ ~ ~ - u C P rs : ,L-.0 . ca C t ., , :

n v, ..; ..... . 0. .t, L -; , 1 that 6 7

' A sequeaze or n I 's and (k-l)n O's

represents _ :- r : tree if and only if in any prefix of the

sequence,- --- r of I's is larger than or equal to

- :i - -. -'r of 0's.
. "  a-er to such a reoresentation as the 0-1

r- . - -,' rres . I! can .- 1to. n that

- :The lcxlcooranhical ordering of the 0-1

rcopr3a...orl'zo of k-ar-' Lrtes is consiste nt ,::ith the linear

ori-2rin,; in D f nitio:t t .

A: er. ;.-:. to "i',p r ,2rt a k--'r: tre is by a sequence

of .o. it iv • inte.;ers .:hich xro the lev: I number : of the leaves

of I.- tr,,:, . ad off i h'- 7, ft to ri ;ht ordeir. Dy the level



of a leaf, we mean the number of internal nodes in the path

from the root to the leaf. It can be shown that r3 Lvli

Theorem 3 : A sequence of (k-I)n+i integers

a a2  where 1 a. n for i = 1, 2 ......., k(n-1)+1
1 2--k(n-l)+l

represent a k-ary tree if the sequence is reduced to 0 by

a sequence of left reductions. (By a left reduction of a sequence

we mean to replace the left-most k consecutive identifical integers

q q.....q by the integer q-1.).

Ne shall refer to such a representation as the

level-number representation of k-ary trees. It can be shown that

announced_

Theorem : Tote le :icngraphical ordering of the S qac A i

Level-number rep rrenca t :,_ o ,t-ary c t:es iS consistent

StA:I- e I Lnear ordlrn, in Definition I. istribution/

?icur,_ . shc:: _s an ex:<m. le Availability Codes

Dist Special

. :r c- u 0 n ci .

to. . . , t-.: .. e. .. . .. ,. . r r

t, 1 . t ft ..-. ' . t~e" tree and .hen reconstruct
S-'r.............. .... .2 . ,1 n-.ernat n: es as in the follows : %

Let v b- , Left mo't son .f x in a k-a ':" tree. If y has

I - n ,nz, r. :zve nd I ct the sons of ; become sons

o: x 3s n own in 'c' 2-1) . if v has more than k sons, let

the2 r m i' st t 'xzL'. 3:.:coe sons of :: ;.5 hown

Ln F-cre 2 .- . (k s ec,;AL t o 3 in th4 e:-.am-les in

W L .u -2 in-. . .ase the left -os k leaves

e. froNm a k-ary tree. Consider the sequence

. . . : .- 2 x. where x is the right

bro-.-. f - rst leaf r',ov ed and x I is the father of

th, - - r mov . A.-t'L-,i' nq the rediiction step to

t.i -. :- K t:. ',n %- w. e sh.,ll obtain a regula r

r- n- Lntorn L nodes. (We Aive here only an intuitive

o~ t... scp. A1thou'ri it is not totally

'D3 t'.-t= "h, r, -on e- will indeed alwdys yielr a- ecalar

--------------------------- -.--.--*---...--V-..



k-arv tree, these wilL all become very clear in next section.)

Let T be a regular k-ary tree. 'ie shall use R(T) to denote

the regular k-ary tree obtained by the reduction procedure

described above. Figure 3 shows an example. It can be

shown that

Theorem 5 : Let T be the set of all k-ary trees with

n internal nodes with the level numbers of the first k-i leaves

being a, aa ....... k. Let R(T) denote the set of

k-ary trees obtained by the roduction procdure described above.

Then RC() is the set of all k-ary trees with n-i internal nodes

and wich the level number of the first leaf being a k-1

or larcer. Furthemore, for T and T' in T, if T < T'

then (T) (T

3. .n i - and U:,r n. ,n: Algorithm

show no..: -. r i'u and an unranking algorithm for k-ary

.: .'s ":h:', they -te .'..,.....d b. .3ecucncT3. of4 0's and I 's.

, -he "- ..: :ic at :i .  d tree 'T. L t d dCenoL,

t 0he O-i rtsentitarn oE the tree , (T) . it can be showIn that

TA.____ 6 : .s obtained from a by deleting the

first k-I Ps ann ch* right most I in front of the k-i st.

L.--- in-_:~:(-) dinote thc number of k-ary tree of n internal

nodes .hose C-. representation is larger than a in the

i ori. ..n- of 0-1 sequences. Let A(a I  a2 . . . . . ' a.)

i <_ k-*) &) e number of k-ary trees with the first i level

n U _-- ab, o .... a . c can be show.n 'hat

7__ - :__- a deziote the 0-1 representation of a

k-ar--- "i-_ : first k-i level numbers being a1 , a2 . . . . . , _

p
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Then

index(a) A(a +1) + A(a , a +1) + A(a , a a
1 1 2 I 2# 83+1

+- ..... +A(a , a 2 . . . . . . . a a+1)
2 k

+ indext(.)

k-I

= LCn +l, a +1, k-i) + E N(n, a.+1, j-2)
i=2

+ index(d)

kb-b-i\ kn-b-i
hr e (n. b, i) n)

T..orem 7 is h i.as.is o f a rznking a1gorithm,,, the details

of" whicn ,oujz' be -u' e .obvious.

The n ranin, algorithm is tihe revors;e of th ranking

:tt';o~~ri ~ih ich can h ° t. crLbcd as fol lows :uppo.s ; are givn

(" .is........_, .. ~ .-o b4e th i-Lt.".t iteTr j such
, t, c r j . - Uh

(2 .. i; ,. - ., to bi- the s.:aL!rst integer j such

,- i~nc:.: ) - ::(.-1, a. +1, k-i) I T(n, j, 0)
L

() a......... a, is dc.ermine'i recurs ivelv to be the3 ...... --I
s . .all.t°er j such that 1

i:: e::r) :( +1 , a 1+1, N--I) Z +1 : n, . , i-2)
i=2

< ; (n, j p-2)

for p ........ , -

-- io--id be note.I that the ranking and unrank ng

algor-.- ~-. = ed here are natural extensions of that

Zak Cz.



1L should b' evident how the rknking and unranking

algorithm presented above can be modified when the level-numbers

representations of k-ary trees are employed. Indeed, let 1 denote th

level-number representation of T and 1 denote the level-number

representation of R(T). Theorem 7 can be restated as

Thoorem S : let I denote the level-number representation

of a k-ary tree with its first k-i leaves being a1, a 2 P . . . . ., a k_.

Then

index(I) = Cn-., (1+), k-I) 

° ; n a.+1, -2)

+ ino, .> )

The on-. o i-r 2ncc is how to obta in I from 1. This can

z: uon -° c.r ryinc! ut a sequence of left reductions to identify

:: . 5s LO'~r. 3 u L.,,r . l A,: .:dti - mr' mo'ed up in the

-"uc ,-, 3c;h,_-7ic. T[,:i I'evel nu-.bers of teC IL".ev:S of such subtreOs

. ... " " :" " ~~~~~~~. . . . .". ,. " " ' .. .; ". .t _" _"_ C, -- "..;

Sr .- a'_o be appli2d ., the case in which
I. " -y tr- cp r epresented by a Dcrmu ta tion ;a

Sief " : TrL;- 7 : .:s r5 _ Again, we , the details to

1 :orc- .c' - r
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